Origin of nonlinear optical processes in matter-wave superradiance 
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We study a highly efficient, matter-wave amplification mechanism in a longitudinally-excited, 
Bose-Einstein condensate and reveal a very large enhancement due to nonlinear gain from a six- 
matter-optical, wave-mixing process involving four photons. Under suitable conditions this optically- 
degenerate, four-photon process can be stronger than the usual two-photon inelastic light scattering 
mechanism, leading to nonlinear growth of the observed matter-wave scattering independent of any 
enhancement from bosonic stimulation. Our theoretical framework can be extended to encompass 
even higher-order, nonlinear superradiant processes that result in higher-order momentum transfer. 

PACS numbers: 03.75.-b, 42.65.-k, 42.50.Gy 
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Matter-wave amplification P, [3] employing Bose- 
Einstein condensates has opened a new realm of research 
where highly efficient inelastic optical wave scattering is 
employed as a gain mechanism for injection-seeded mat- 
ter waves. Although the amplification effect has been 
observed in both longitudinally-excited and transversely- 
excited condensates, the underlying physics of this in- 
triguing and very important process is not yet fully un- 
derstood. There also has been no convincing explanation 
of the origin of higher-order, matter- wave scattering that 
can be subsequently enhanced by bosonic stimulation. 

In this letter we investigate the properties of the 
lowest-order, nonlinear optical growth process in elec- 
tromagnetic wave scattering by ultra-cold media such 
as condensates. We show that the lowest-order pro- 
cess is six-matter-optical- wave- mixing (four optical waves 
plus two matter waves) where the propagation of an 
internally-generated optical field plays an important role. 
We demonstrate that under strong excitation this highly 
efficient, nonlinear, optical wave-mixing process can be 
even more important than the usual two-photon scatter- 
ing mechanism Q. 

We study the case of longitudinal excitation, where a 
linearly-polarized pump laser propagates along the — x 
direction (along the long axis from right to left in Fig. 
la) i, and a very weak initial field [3| starts at the op- 
posite end of the condensate and propagates along the 
-|-x direction (Fig. la, red wavy arrow). We investi- 
gate, in the small signal limit with semi-classical and 
perturbation approximations, the coherent propagation 
dynamics of this weak field. We note that a similar 
nonlinear, wave-mixing enhancement will also occur for 
transversely-excited (non-coaxial) condensates. 

Consider the first-order coherently scattered matter 
wave depicted in Fig. la that moves with momentum 
2?ifci(— x). Theoretically, contributions to the growth of 
this first-order scattered matter wave must include all 
odd orders of the pump field. In general, odd- (even-) 
order, matter-wave scattered components involve all odd 
(even) powers of the pump field. Conceptually, the gen- 



: + 1 order 



Stationary 
condensate 

onk, 




Pump laser k, = -kiX 













forward backward 
emission (0)^) emission (fy^) 





















-k' \ 






Km 







FIG. 1: (a) Schematic drawing of lowest-order superra- 
diant scattering with a longitudinally-excited condensate, 
(b) Multi-matter-optical, wave-mixing vector diagram of the 
optically-degenerate, four-photon process resulting in Km = 
— kp + kz, — kB , where Km is the matter wavevector. 



eral expression for the 2hkL matter- wave component is 
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where the C^'s are probability amplitudes, ap (ep) rep- 
resents absorption (emission) of photons at the pump fre- 
quency, respectively, and en represents emission into the 
internally-generated field [a| . These internally-generated 
fields are called end-firing modes in transverse-excitation 
geometries [l|, and backward-propagating modes in 
longitudinal-excitation geometries [3] . For a given m it is 
clear that the corresponding term represents a 2(m + 1) 
photon process that only imparts a net momentum of 
2hkL to atoms recoiling in the direction of the pump 
field. As we show below, the gain associated with the 
m ~ +1 order process can contribute significantly to the 
nonlinear growth of the scattered matter wave depicted 
in Fig la. 

Note that in small-signal theory the leading contri- 
bution of all possible higher-order photon processes is 
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FIG. 2: Schematic diagram of energy levels and laser cou- 
plings. \g, rrij) and |e, rrij) represent electronic ground and ex- 
cited states with momentum states rrij, where j — 1,3, and 5 
correspond to OhkL, ~ OhkL, and 2hkL, respectively, uf is 
the frequency of the forward-emitted field stimulated by the 
pump with uiF ~ oJl- (jJs is the frequency of the backward- 
propagating (against the pump) field generated by the wave 
mixing process. The one-photon detuning is 5 = S2 = 84, and 
the spontaneous emission linewidth of the excited electronic 
state is 72 = 74 = Fq. 



the optically-degenerate process depicted in Fig. lb. 
Here a pump photon is absorbed and subsequently re- 
emitted via. stimulated emission into the pump, re- 
sulting in negligible momentum transfer to the atom. 
This is coherently Q followed by the absorption of an- 
other pump photon and subsequent stimulated emis- 
sion into the internally-generated field that counter- 
propagates the pump field. We stress this is a coherent 
four-photon process where no population is transfered to 
the one-, two-, or three-photon intermediate momentum 
states (Fig. 2). This coherent four-photon cycle is an 
optically-degenerate, multi-matter-optical, wave-mixing 
process where atoms acquire only 2fifci net momentum 
and co-propagate with the pump field. Consequently, 
this nonlinear process contributes exclusively to the first- 
order, collectively-scattered matter-wave mode, resulting 
in nonlinear growth of this mode as the pump intensity 
increases. 

Two key elements of this four-photon process must 
be emphasized: (1) the pump-laser-stimulated, forward- 
emitted photon propagates co-linearly with, and cannot 
be distinguished from, the pump field; and (2) the pump 
field (El) and the forward-emitted field (Ep « E^,, 
kp ~ fci, and ujl ~ <^f) form a co-linear-beam. A- type, 
two-photon excitation that leads to an analytical solu- 
tion with significant intermediate two-photon enhance- 
ment for the internally-generated, backward-propagating 
weak field (E^, ks ~ — ^l). This results in a three- 
field, strong-pumping scheme with a fully populated two- 
photon "intermediate" electronic state and a very small 
intermediate two-photon detuning Q , both of which sig- 
nificantly enhance the four-photon process. 



We start with the Schrodinger equation for the total 
system wave vector I^^^t) = l0)|V')i where and |V') are 
the electronic and mean-field macroscopic atomic center- 
of-motion state vectors, respectively. 
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Here M is the atomic mass, and the four-photon matter 
optical field interaction operator is 
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The total electric field amplitude is E^"*"^ = 

and the one-photon Doppler 
recoil velocity is vd = hkL/M. In addition, Ep = El, 
kp = kL, and ujp = ojl are understood. We have 
defined the complex detunings = 5j + ilj/'^ with 
j — 2,3,4. Later in our calculation we assume the one- 
and three- photon detunings are the same {82 — 5^ — 5), 
and also set 72 = 74 = Tq (Fq is the spontaneous 
emission rate of the upper electronic state), therefore 
A2 = A4 = A. Figure 2 shows the relevant detunings 
and states in this four-photon scattering process. The 
Schrodinger equation can now be expressed as 



dt 
where 
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and 



U,L — \d\EL/h, d is the transition matrix element, 
ujmf describes the mean- field interaction. 

Note that the two-photon detuning formed by the 
pump and the forward-propagating field stimulated by 
the pump is very small Q. This small two-photon de- 
tuning leads to significant enhancement of the coher- 
ent four-photon process, making it an important matter- 
wave scattering mechanism when the pump field is suf- 
ficiently intense. From a nonlinear optics viewpoint this 
is analogous to four- wave mixing with a nearly resonant, 
two-photon intermediate state, and it is well known that 
an intermediate state can significantly enhance the non- 
linear interaction strength [6|. 

We expand the collective atomic recoil mode of the 
macroscopic mean-field atomic wave function as 
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where ^m.q represents the amphtude of the q-th order 
collective atomic recoil niode due to a 2 (to + l)-photon 
optical process. In addition, ujq = {2q)^n'^ujR + ujmf d], 
where uj^j = hk\/2M is the one-photon recoil frequency, 
and n is the optical refractive index. The four-photon 
process we are analyzing occurs when m = q = 1 (the 
TO = 0, g = 1 term represents the usual two-photon pro- 
cess). Higher-order optical processes that also transfer 
2hkL [q = 1) of momentum to the scattered condensate 
occur when to > 2. Note that for first-order, matter-wave 
scattering Wg=i is exactly the recoil frequency measured 
in a recent experiment [8| using an interferometric tech- 
nique 0. 

Substituting Eq. (4) into Eq. (3), the equation of 
motion in the interaction picture becomes 
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In deriving Eq. (5) we focused on the four-photon process 
(to = 1) in which absorption of a pump photon and sub- 
sequent stimulated emission into the pump field transfers 
no net momentum (JtL — kp w 0). Correspondingly, the 
amplitude of the four-photon process of interest is ipq^i- 
In Eq. (5) we added a phenomenological decay term 
—jBtpq to account for the Bragg resonance linewidth in 
the last step of the four-photon process when the back- 
ward field is emitted, and = ujl — ojb- 

In our semi-classical perturbation calculation we focus 
on first-order collective atomic recoil motion under low- 
intensity, long-pulse excitation. Therefore, only terms 
with g = 0, 1 will be included, and the initial conden- 
sate density will be treated as undepleted (iV'ol^ ~ "-o = 
constant) 1^. In this case, to first order, the mean field 
term is given by iwmfI^oPV^i- 

The appropriate polarization operator describing the 
generation of the backward-propagating optical field Eg 
in the four-photon, optically-degenerate, wave-mixing 
process is 
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27r|d|2a;B/(cft). 

Equations (5) and (7) can be solveji analytically using 
the time Fourier transform method , yielding 
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where e'-+^ is the Fourier transform of w is the 

transform variable, and 
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The first term in Eq. (9) describes the Bragg resonance 
condition for the two-photon transition involving one 
pump and one backward-emitted photon with the first- 
order atomic mean-field shift included. Thus, the four- 
photon process involving three pump photons and one 
backward-emitted photon generates a collective atomic 
recoil mode that is identical to the two-photon process. 

The possibility of significant enhancement to the back- 
ward generated field can be seen by comparing the quan- 
tity in parentheses in Eq. (8) with the result for the 
corresponding two-photon scattering case 3. Clearly, 
under the Bragg resonance An^L^jR + uiMF — A^,, and two 
conditions are required for significant coherent enhance- 
ment: 
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The first condition implies that the dominate four- 
photon resonance linewidth is that of the countcr- 
propagating-beam, Bragg-resonance linewidth involving 
the backward-propagating field Eb- The second condi- 
tion pertains to the enhancement over the usual two- 
photon process. We stress that this process, and other 
higher-order optical processes [&,], result in the genera- 
tion and nonlinear growth characteristics of the scattered 
matter-wave components under strong pumping. These 
higher-order, matter-wave seeds, produced by the under- 
lying nonlinear optical processes, are then subsequently 
amplified by bosonic stimulation. 

The gain of the backward-propagating electromagnetic 
wave in this coherent process can be expressed as 



Using Eq. (6), the Maxwell equation for Eb can be ex- 
pressed as 
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where G = kq "^050/(301^0 + 7s) is the usualpropagation 
gain of the two-photon scattering process Q. We note 
that the second-order correction to the nonlinear gain is 
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dependent on the sign of both the pump laser detuning 
6, and the two-photon detuning S3. The above two re- 
quirements for enhancement can be expressed as 



which can be easily satisfied experimentally. For the ex- 
periment reported in jlO|, with 

25072 = 1' 
"3 

the four-photon process would be as important as the 
two-photon process. With To/2'k = lO"^ Hz, \S3\/2tt — 
10* Hz, and \S\/2Tr = 1.7 x 10^ Hz id], we obtain 
go = 4.2 X 10^^. This corresponds to a Rayleigh scat- 
tering rate of i? = f;oro/4 = 66 Hz, which is slightly 
higher than the scattering rate for the lowest-order data 
reported in In addition, with jb/2tt w 10^ Hz we 
find 26^3/(33^0) = 340 ^ 1, and the first condition is 
also well satisfied. Therefore under longitudinal excita- 
tion, first-order, matter-wave scattering can be signifi- 
cantly enhanced by this coherent, nonlinear, four-photon 
process. This is similar to the situation in nonlinear op- 
tics where it is known that pumping a small segment of 
nonlinear fiber produces an optical four-wave mixing sig- 
nal that is stronger than concurrent Rayleigh or Raman 
scattering [nj. 

Finally, we comment on matter-wave amplification ef- 
ficiency and the momentum spread of the scattered con- 
densates in the two excitation geometries. Under trans- 
verse excitation the thickness of the condensate in the 
direction of the pump laser is much less than the max- 
imum condensate dimension along which the scattered 
photons propagate. Thus, from a bosonic stimulation 
point of view, the interaction time of the scattered and 
stationary condensates is limited primarily by the spatial 
extent of the short axis, tx = lshortM/{2hkL). To make 
matters worse, the spatial extent of the condensate in 
the radial dimension will be compressed by an induced 



optical-dipole potential as the process evolves [4| with 
a red detuned pump, further reducing the interaction 
time. However, with longitudinal-excitation this interac- 
tion time is inherently much longer, = hongM / {2hki,) 
since hong S> ^ short, and this can result in higher gain 
from bosonic stimulation. We further note that with 
longitudinal-excitation the momentum spread of the scat- 
tered condensate can be reduced by adjusting the pump 
laser divergence to cancel the spread of the backward- 
generated field. This, however, is not possible with 
transverse-excitation because the pump and generated 
fields propagate perpendicularly. In a sense, longitu- 
dinal excitation is analogous to a self-injection-seeded, 
longitudinally-pumped fiber laser which is known to have 
high gain and narrow bandwidth. These observations 
are consistent with the observed efficiency and stabil- 
ity benefits of matter- wave amplification employing 
longitudinal-excitation [3] over the transversely-excited 
geometry 1]. 

In conclusion, we have revealed an optically- 
degenerate, four-photon process that can significantly en- 
hance the gain of first-order, matter-wave superradiant 
scattering. We have shown that this higher-order, non- 
linear process benefits from an intermediate two-photon 
resonant enhancement that can lead to pronounced non- 
linear growth of the scattered, first-order, matter-wave 
mode. This nonlinear growth occurs independent of 
bosonic stimulation, which is another very important 
nonlinear gain mechanism that was not treated in this 
study. We emphasis that our theoretical framework is 
capable of treating even higher-order, nonlinear optical 
growth processes that result in higher-order momentum 
transfer to the condensate. These higher-order, nonlin- 
ear optical processes produce the matter-wave seeds that 
can be subsequently boosted by bosonic stimulation in 
condensates, leading to dramatic superradiant scattering 
with red detunings and high pump intensities. Our work 
clearly shows that the underlying physics of superradi- 
ance is multi-matter-optical wave mixing, where higher- 
order, nonlinear optical processes play a dominate role in 
the generation of collective atomic recoil motion. 
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